In this paper, the mathematical model of HIV infection for CD8
Introduction
Human Immunodeficiency Virus (HIV) is one of the most dangerous viruses in the world that leads to Acquired Immunodeficiency Syndrome (AIDS). This virous involves the ribonucleic acid (RNA) instead of the deoxyribonucleic acid (DNA) and finally the HIV mechanism can be completed during 10-15 years [14] . In 1980, the first case of HIV infection was reported. According to the recent enumeration, more than 35 million people have been died by HIV virous and more than 37 million people carry this virous in their body and they are living as a menace on the world. Also, they can transmit this threat by having unprotected sex, forwarding from mother to child and other ways [35, 37, 47, 53] .
In last decades, many mathematical models have been presented to identify the behavior of natural and artificial phenomena such as mathematical model of HIV infection [36, 45, 57] , model of Malaria viruses [56] , model of computer viruses [43, 44, 46] and many other models [15] . Also, these models have been solved by many numerical or semi-analytical methods.
The HAM is among of the semi-analytical methods which has been presented by Liao [30, 31, 32, 33, 34] . In this method, we have an operator, parameters and functions that we have freedom to choose them. Selecting prepare parameters can lead to find the solution of problem faster and more accurate than other semi-analytical methods. In last decade, many authors applied the HAM for solving mathematical and bio-mathematical problems such as model of computer viruses [43] , model of HIV infection for CD4 + T-cells [45] , ill-posed problems [8] and others [19, 20, 21, 22, 23, 24, 25] . Moreover, recently in [40] we applied the CESTAC method [10, 12, 41] and the CADNA library [13, 42] based on the stochastic arithmetic to find the optimal step, the optimal error and the optimal value of convergence control parameter of the HAM.
In some schemes, by combining the HAM by other methods or operators we can construct new methods such as combining the HAM and Laplace transformations (HATM) [11, 29, 39, 45] , optimal homotopy analysis method [38] , discrete homotopy analysis method [7, 58] , predictor homotopy analysis method [1, 51, 52] , homotopy analysis Sumudu transform method [28, 54] and many others [2, 9, 48, 50] .
The aim of this paper is to present the HATM to solve the following non-linear bio-mathematical model [37] dT
where T (t) and I(t) show the condensation of the susceptible and infected CD4 + T-cells at any time t, V (t) is the condensation of infectious HIV viruses and finally Z(t) and Z a (t) are the condensation of the CD8 + T-cells and population of the activated CD8 + T-cells at any time t.
List of parameters and their values are presented in Table 1 [3, 4, 35, 47, 53, 55] . Moreover, in Figs. 1 and 2 the life cycle of HIV infection and its model on CD8 + T-cells are demonstrated [37] . The HATM obtains by combining the HAM with Laplace transformations. Recently, the HATM has been applied to solve the various problems such as solving singular problems [39] , fractional modeling for BBM-Burger equation [26] , Klein-Gordon equations [27] , fractional diffusion problem [5] , partial differential equations [6] , fuzzy problems [11, 49] and others [16, 17, 18] .
This research is organized in the following form: Section 2 is the main idea for solving the non-linear bio-mathematical model 1. The convergence theorem for solving presented model is illustrated in Section 3. In Section 4, the numerical results for N = 5, 10 are presented. Also, several -curves are demonstrated to show the convergence regions of this problem. Furthermore, the plots of residual error functions are presented to show the precision of method. Finally, Section 5 is conclusion. 
Homotopy Analysis Transform Method
Defining the linear operators
where L is the Laplace transformation. Applying this operator for non-linear system of Eqs. (1) as
Let 0 ≤ q ≤ 1 be an embedding parameter, is an auxiliary parameter, 
Now, we can construct the following zero order deformation equations as
Using the following Taylor expansions aŝ
where
.
Defining the following vectorŝ
to construct the m-th order deformation equations as follows
and
Applying the inverse Laplace transformation L −1 for Eqs. (8) we get
and finally the approximate solutions can be obtained by
Convergence Theorem
By proving the following theorem, we can show the capabilities of the HATM to solve the non-linear system of Eqs. (1).
Theorem 1. Let series solutions (12) be convergent that are constructed by the m-th order deformation Eqs. (8). They must be the exact solution of system (1).
Proof: Let the series solutions (12) be convergent. Hence, if
then lim m→∞ T m (t) = 0,
So, we can write
where Eqs. (14) and (15) are applied to construct the following relations as follows
By using Eqs. (8) and (17) we get
According to the base definitions of the HAM in Eqs. (18) 
Eqs. (20), (21), (22), (23) and (24) show that the series solutions P 1 (t), P 2 (t), P 3 (t), P 4 (t) and P 5 (t) must be the exact solutions of Eqs. (1).
Numerical Illustration
In this section, in order to show the flexibility of HATM to solve the non-linear bio-mathematical model (1), the numerical solutions for N = 5 are presented as follows T 5 (t) = 1000 + 0.12 t + 0.24 2 t + 0.24 3 t + 0.12 4 Also, the following residual error functions are applied to show the accuracy of presented method as
and the plots of error functions are demonstrated in Fig. 5 for N = 5, 10 and = −0.8.
Conclusion
The HATM is among of the accurate semi-analytical methods for solving linear and non-linear problems based on its capabilities such as operators, functions and parameters that we have freedom to chose them. In this research, the HATM was applied to solve the bio-mathematical model of HIV infection for CD8 + T-cells. Furthermore, the convergence theorem was proved that shows the competency of HATM for solving non-linear problems. Based on the numerical solutions for N = 5, 10 several -curves were plotted that show the convergence regions of solutions. The precision of method were demonstrated by plotting the residual error functions. Figure 3 : -curves of T (t), I(t), V (t), Z(t) and Z a (t) for N = 5, t = 1. 
